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S — Aim and Objectives —

The aim of this research Is to formulate and analyze a
deterministic mathematical model that shows the transmission
dynamics of Ebola virus disease by incorporating the isolation
and proper cremation of the dead via the disease compartments
as control measures while the objectives are to:

e Show that the proposed model Is epidemiologically well

posed and biologically meaningful.



e determine the existence of the disease free equilibrium

and endemic equilibrium points of the model.
e oODbtain the basic reproductive number

e Investigate the local and global stabilities of the disease

free and the endemic states of the model.

e perform the numerical simulation and deduce the effect of

various parameters and intervention strategies.
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MODEL FORMULATION

The schematic Diagram below is used to construct the Model

——————
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~ Table 1 : State Variables of the model™

Variables Description

S
L

O O O

Susceptible class
Latent class
Infected class
Isolated class
Removed class

Infectious dead bodies




‘Table 2 : Parameters of the model o

Parameters Description

Recruitment rate into the susceptible class

(Immigration alone)

Transmission rate through the infected class
Transmission rate through dead bodies class
Progression rate of disease to active Ebola

disease
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Rate at which the 1solated recovers

Rate at which the infectious are isolated
Rate at which the exposed are isolated
Natural death rate

Rate of death via the disease

Rate of proper cremation of the death bodies

Total population




THE MODEI"EQUATION

e
cil_?:ﬂ--(all +a,D,)S — uS S(0) =S,

%:(aﬂ +a,D,)S —(x+u+n)L L(0) =L,

dl

— =kl -(u+o+&)I 1(0) = l

dt (1)
dd?“ = (u+5)(1+Q)- oD, b,(0) =D,
i—?:nL+§|-(y+5+¢)Q Q(0)=Q,

dR

_:¢Q'IUR R(O):RO
at
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Where n=(1- ), é=(1-¢;), o =(1-o<5)

And N(t) = S(t) + L(t) +1(t) +Q(t) + R(t) + D(t)



— Positivity of solution

For the model system (1) to be well posed and
epidemiologically meaningful, all state variables must be
non-negative, vVt = 0.

Theorem 1:.
Let Q= {(S, L, I, D,,Q, R) € RE:5,>0, L,>0, I,>0,
Q0>0, Rp>0, Dy,>0,} (2)

Then, the solution set {S, L, I, Dy,,Q, R} of the system
(1) 1s positive forallt = 0.
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The essence of this theorem is to proof that all the solutions of
the equations are positive for all t = 0.
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r Invariant region
The invariant region in which the model solution is bounded is

obtained. To do this, the theorem below Is considered.

Theorem 2; The compact set  Is positively invariant with

respect to the Ebola model governed by the system of equations

(1).



Applying Birkoff and Rota’s theerem on differentiaﬁnecm/ality
(Birkoff and Rota’s, 1982), shows that the feasible solutions set

of the model equation (1) enters the region

{Q:(S,L,l,DV,Q,R)esRi|S>o,|_>o,| >0,D,, >0,Q>0,R>o;|\|s§,Dvs(“Jré
)7 oL

Thus in this region the model Is well posed and biologically

meaningful.
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~— Equilibriumstate of the model™

—a

Atequilibriumi—s % di_db, _dQ_dR_,  (3)

It can be deduced that the disease-free equilibrium state

DFE (s,L,1,D,,Q,R) = (ﬁ,o,o,o,o,O)
U



And the-endemic equilibrium state is obtained as;

(G* )
| *
| *
D, >

Q*

R™

.

OXs
KXg
AXg — HOX,
X, Xe
AKXg — [LOXq
Xe X, X,
Xy (X5 + X7 J{AKXs — poXq }

O RX: X
X, AA KX — poXq}
KX5 Xg
PARX{Xs — pOXs}
HEX; Xg

\

(4).
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~——Effective Basic Reproduction Number,

Applying the next generation matrix (operator) technique

descri

ned by (Dikeman heesterbeek, 2000), the effective basic

reproduction number, R, of the model equations (1) Is obtained

by taking the largest (dominant) eigenvalue (spectral radius) of

the matrix FV 1,

OF.(E,) | oV, (Eo)

R, =

OX OX (5)

J J




I

Where—
F; Is the rate of appearance of new Infection in compartment |,

F—| OR(E)
OX .

J

V: Is the transfer of individuals out of compartment | by all other
means,

V=| ME)
OX.

J

E, i1s the disease free equilibrium.
The assoclated Jacobean matrices of F and V at disease free
equilibrium are obtained as thus: 5

-1




Fy—

oAk A, AX (X, HKE-RXG) oA o A% (§ - X,)
HX Xy HX; X3 X, O HX, HX, R3O
0 0 0 0
0 0 0 0
0 0 0 0

(6)
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It can be shown that the largest (dominant) Eigen-value of FV=*is R,, and that is the

basic reproduction number

2
AKX X0, — KEX,0™ + KOXy0y — 1A, X, Xl]

i

LX, X X, O (7)

Ro =1
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~ —Local Stability of Disease Free Equinrium

Using the Jacobean stability approach to prove the stability of

the disease free equilibrium state of the model equation (1), the

following theorem is considered:
THEOREM 3: The disease free equilibrium point Is locally
asymptotically stable if Ry< 1 and unstable if Ry>1.



/
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The disease free equilibrium is locally
asymptotically stable. The implication of this
IS that a small Iinflux of Infected Individuals
Into a completely susceptible population does
not have any significant effect on the

population
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~_Global Stability of Disease Free Equilibrium
Global stability of equilibrium removes the restrictions
on the nitial conditions of the model variables. In global

asymptotic stability, solutions approach the equilibrium

for all initial conditions.
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Theorem 4. The disease-free equilibrium, Eo of (1) 1s globally
asymptotically stable in Q If Ry <1 and unstable iIf Ry >1
where Ry IS the basic reproduction number and the two
conditions H1 and H2 stated in Castillo-Chavez et al. (2000) are

satisfied.



The disease free equilibrium (Eg) Is globally asymptotically
stable. This implies that irrespective of the initial condition I.e.
the number of Influx of Infected individuals Into a population,

the disease does not persist.



wL STABILITY-OF ENDEMICEQUILIBRUM
- STATE

To explore the possibility of backward or forward Dbifurcation of the
normalized model system of equation (1), the centre manifold theory is used (Gumel
et al, 2008). This is done by renaming the variables as thus;

Let p1=S, p2=L, p3=I, p4=Q, ps=R, pe=Dv,

It can be written in vector notation p=(p1+p2+ps+ps+ps+ps)’ and the model can

be re-written in the form of 2—’2 = F(p), with F=(f1,f2,fs,f4,f5,f6) " as follows;

27
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% = 1,(PLP;,P3PaPsPe) = A= (i Ps + @, P6) Py — 1Py

dd%= P2 (P1LP2P3s PaPsPs) = (1 Ps + @, Pe) Py — (K + 2 +17)P,
dd% = f3(PLP2P3 P4 PsPs) = &P, - (1 +6 + )Py

%“ = 1,(P,P2,P3 P4 PsPs) = 7P, + &Py - (1 + 5+ @),

dd% = T5(PL,P2 P3P, Ps Pe) = 0, - 1Ps

dd% =16 (P1,P2P3 P4 Ps Ps) = (12 +6)(Ps +Py) - O

5(0) =s,
0)=1,
i(0) = i
q(0) = d,
r(0)=r,

dv(o) — dVO

(8)
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The nature of the bifurcation iIs investigated as follows: —
First, the Jacobean matrix of the system of equations (8) at theﬁint
(Eo.™) given as

A

o 0 oA 0 0 _a,

7 7

A A
0o -x, -4 0 o 4

7 7
0 k  -x, O 0 0

J(Eo’a*) =

0 n E — X, 0 0 (9)
0 0 0 y —u 0
0 0 — X, X, 0 —C




The characteristic equation of (9) is,
| J(E,, &)~ |=0

-2 0 oA 0 0 oA
M 1z
0 —x,—a Hb 0 0 %A
% v
0 x  —-X,-4A 0 0 o |=0
0 n E —-X,-4 0 0
0 0 0 6 —u-A 0
| 0 0 X4 X4 0 —G—;L_ (10)
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The direction of the bifurcation at Ry = 1 Is determined by the
signs of the bifurcation coefficients a and b given below. If a Is
negative and b Is positive, the system undergoes a forward

oifurcation, while if both a and b are positive it will undergo a

nackward bifurcation.



| —
Computation of a. D —

he coefficient of a 1s defined as:

a = Zn: V, W W. 0 f, (E,, &)
i=j=k=1 | Jap.apj o ® 7

Where k Is the kth component of f and its values are k =2, 3, 4
and 6 since v; =Vvs=0.

For system (8), the associated non-zero partial derivative at
disease free equilibrium is given by;

6 2
I a f2 (EO’a )
i=j=2 op; P ;




aZZWS a +Wea,) -
But,

W, = _A(a*Ws ;azwes)
7

Substituting v, Into a, we have that

_ = 2A (o Wy + o W)V,
a= o

Equation (11) shows that a< 0 (negative)

(11)

33



Computation of b I B
g 0 f .
b = vV, W  (E,, «
izzk::l Kk |aplaa ( 0 )
szz 82f2 62f2 82f2 62f2
b=v,w, —+V,W, = +V,W, —+V,W, —+V, W, —+V, W,
op,0cx op,oax op,0cx op,0x op:0cx
Therefore,
b=v,w;p,

b=v,w, 2> 0. This is positive
7

This means that the endemic equilibrium Is asymptotically

stable. 34



Therefore, i1t suffice to say that since a< Oand b > 0, for

Ro> 1t

ne model exhibits a forward bifurcation as Ry Crosses

the thres

nold, Ry = 1.

This means that the endemic equilibrium is asymptotically

stable.
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The bifurcation graph for the model (1) shows that the

disease-free and endemic equilibriums exchange stability when

Ro

=1 for arbitrary set of parameter values. The blue continuous

curves depict stable equilibria and dashed red curves depicts

unstable equilibria.

of

00

00

By implication, the above result shows that a small inflow
Infectious Individuals Into a completely susceptible

pulation will lead to the persistence of the disease In a

oulation whenever Ro>1.
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" Global Stability of Endemic Equilibrium State

If all solutions that start out near an equilibrium point stay near
the equilibrium point over Indefinite time, then the system is
said to be globally asymptotically stable.

Theorem 5: The endemic equilibrium E™ of the equation (1) is

globally asymptotically stable whenever Ro>1.



___—
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——

By implication, this means that the disease will remain In the
population whenever R, > 1 irrespective of the initial size of

the infectious individuals In the population,

39



— SIMULATION RESULTS

For the purpose of model validation and to show that the

model is in agreement with reality maple 16 software was

used to approximate the solutions to the system of

equations (1) with varying values of the control parameters,

cand o
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Figure 1.:The simulation showing the effect of changes in the
iIsolation rate of infected on the infected group.
A = 0.06333,u = 0.011,6 = 0.8,k = 0.5189,¢& = 0.5,
n = 03333,¢p = 0.17,0 = 0.5, &4 = 0.2605, o>, = 0.12.
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Figure 2: The simulation showing the effect of varying the rate

at which the latent are isolated on the infected group.
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Figure 4: The simulation showing the effect of varying values of
proper cremation of the infectious dead bodies on the dead class.
A = 0.06333, 14 = 0.011,86 = 08,k = 0.5189,¢& = 0.197,

7N 4 A 7N - 7N -4

43



———— CONCLUSIONS

The research shows that the proposed model for the stability of EVD
IS epidemiologically well posed and biologically meaningful and that
the disease can be controlled when the basic reproduction number

R, < 1.
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- CONTRIBUTION TO'KNOWLEDGE

The following are the contributions these research work has added to scientific

Knowledge:

The presented mathematical model can be used to better understand the dynamics

of Ebola virus disease and to develop strategies on how to combat an outbreak.

The incorporation of isolation and the dead via the disease compartments were
seen as control parameters that can help achieve a disease free state whenever an

outbreak occurs.
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